JULY-AUGUST 1985

noting that, for m=2, the double sum is not present in the
above expression.

Using the results from Egs. (3) and (6) in conjunction with
the aforementioned constraints (AVr, longitude change, max-
imum AV per burn, minimum number of maneuvers) allows a
unique solution to the station acquisition problem to be
found. The user of this technique must use some care as the
first time step Af; must be specified and the appropriate apsis
location should be ensured for: all maneuvers. Nonetheless,
this approach allows for an analytical solution to a problem
that nominally requires a large software system.

Example Maneuver Design

- Asan example consider the situation summarized in Table
1. Using the minimum coast-time relation [Eq. (3)], the value
for drift acceleration A and acceleration variation dX\/d\
(which can be calculated from equations in Ref. 7), in addition
to the other available information yields the time to acquire
station-—10.86 days. Consequently, the equation describing
the continuous burn strategy is
f(£)=0.357t? — 7,748t deg

where time 't is measured in days.

The procedure used in calculating the various coast time in-
tervals [Eq. (6)] can now be used. Table 2 shows the values
calculated as a preliminary estimate of the maneuver se-
quence. Note that the initial selected coast time has been set to
1 day and that the values have been rounded off or modified
to put the satellite at the correct point in the orbit. While:the
amount of time to reach the station nearly matches the ideal,
the longitude change is far short of that needed. However, it is
easily observed that the difference is nearly equal (within
0.6%) to an additional 2 days of coast at the first maneuver
drift rate. Thus, with thls additional time, a unique solution
has been found, using minimum velocity change and
minimum number of maneuvers to enable the acquisition of
the desired station in a nearly optimal fashion. Figure 1 shows
the comparison between the initial and final designs and the
continuous burn optimal path.

" Conclusion

The analytical technique developed in this Note permits the
estimation of an optimal maneuver sequence without enlisting
the aid of massive computer software systems. It does this by
minimizing the deviation between a finite approximation and
the exact optimal solution to the problem of station acquisi-
tion. The solution found uses the minimum velocity change
and minimum number of maneuvers to make a fixed longitude
change. The approach taken is simple and powerful, allowing
the analyst considerable insight and control over the maneuver
sequerices. An example démonstrates the utility of the
approach.
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Equations of Attitude Motion
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with Moving Joints
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Nomenclature
F,  -total external force on body A
F,  =nongravitational external force on body A
F{ =interaction force on body A transmitted through
]omt J
gj =ynit vector along rotatlon axis of Jomt
J,  =the set of joints on body A
m . =total mass
m, =mass of body A
r =number of rotational degrees of freedom
S =the set of bodies in the topological tree

T, =total external torque on body \

Ty =nongravitational external torque on body A

IS =gimbal constraint torque on body X at joint j

I¥  =torque on body  transmitted through joint j

T5P =spring-damper torque on body A at joint j

¥ =planet’s gravitational constant

=angle of rotation about axis g;

=planetocentric position vector of satellite composite
¢.m. '

=unit vector in direction of p

= planetocentric position vector of c.m. of body A

=inertia dyadic of body \ about center of mass

—angular velocity of the reference body

= angular velocity of body A )

=unit dyadic
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Introduction

HE equations of spacecraft attitude dynamics derived by

Hooker and Margulies! and their subsequent modifica-
tion by Hooker? are well known and widely used.?* This for-
mulation is appropriate for the motion of a system of N rigid
bodies connected by dissipative elastic joints and subject to ar-
bitrary external forces and torques. The derivation follows an
Eulerian ‘'method which accounts. for internal and éxternal
torques in a straightforward way. The axes of rotation of each
joint in the system and internal torque laws-about. these axes
may be prescribed. Constraint torques at the joints do not ap-
pear in the final equations of motion, but their magnitudes
may be determined a posteriori.? Two restrictions are imposed
on the system in this formulation; chains of connected bodies
may not form closed loops, and joint positions must be fixed
with respect to the bodies connected at the joint. .
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In recent research concerned with the attitude motion of a
robot spacecraft sometimes called a teleoperator, we have
needed to determine the attitude equations of motion for a
system of connected rigid bodies when a joint is allowed to
move along the surface of one of the bodies. Such a case is not
considered in the Hooker-Margulies -equations. We have
modified theése equations to allow prescribed motions of any
of the joints in the system with respect to the bodies which
they connect. In the remainder of this Note we will present
these additions to the H-M equations, in the terminology of
the original formulation, together with sufficient results and
definitions from the original formulation? to enable a reader
unfamiliar with the H-M equations to employ our main result.

. . Analysis
Following the development and notation of Ref. 1,
Newton’s and Euler’s equations for body A are:

F+ E Efy=mp N

je.l)\
q’)\ w)\+w>\XfI>)\ w)\—T)\+ E T)\l+ E £NXFN (2)
JeJy JeJx .

where £ is the vector from the center of mass of body Ato
the jomt J on body A. The hinge forces F{f are then eliminated
from Euler’s equation by using Newton’s equation and sum-
ming it over the bodles p connected to body A at Jomt Jj. This
yields |

b Sy xBi=D\xEx+ 1 Dy XE,

je.()\ HEN
-Ym J:MxDM+m Y D, xDa 3)
: ;L#)\ pFEN .
where .
- Y mmig,, @
pEN ’
and
g)\u .=Q)\+.°g)\u . (5)

From Eq. (3) it can be shown that

- E m, £, xD,, = “Xx»‘e".x—g):XXx'Qx ©)
pFEN '

where X, is the dyadic defined in Ref. 1 as

X, = (m)\DZ + E muD{u) (mXD)\D)\+ E me)\“QM)

nFEN . pEN
Q)

Equation (6) may be used to determine the equation of motion
of the body under the influence of the gravity gradient torque
presented as Eq. (19) in Ref. 1 and similarly as Eq. (1) in Ref.
2 _ :

Although these equations were derived under the assump-
tion that relative motion about a joint was purely rotational,
they are readily modified to account for joints which may
move with respect to the bodies they connect. In writing Eq.
(6); we have assumed that the vector D,, is flxed in body A'so
that

D)\ XD)\“"'CO)\X (O))\ XD)\’L) (8) )

If, however, motion of a joint connecting body A with respect
to body N (e.g. along the surface of body-A) is allowed, D,,
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will no longer be fixed in body A and we obtain

D, =D8 + 2w\ x D}, + @\ X Dy, + @) X (gx XDy,) ®

where superscript R indicates differentiation with respect to
time relative to the reference frame fixed in body A. Substltu-
tion of Eq (9) in Eq. (6) vields .

- E m £MXD)\“=—X)\ w)\ w)\XXx W
pEN

-Ym, £Mx[

pHEN

-+ 2w, X DR, ] (10)

The terms which now appear in Eq. (10) but are absent from
the original Eq. (6) influence the final result in the following
way. The attitude equation for body A, including the effect of
the gravity gradient torque, is given in Ref. 2 as

Yo, e.=E+ ) IS . an
neS : Jely
where &, is the dyadic
Py =@y +my (D}1 ,‘QXQA) + E m, (D3, 1-D\D,,) (12)
rEN

¢)\u(ﬂ¢)\)_—m(Dp)\ Dy)\l D[L)\ p)\) (13)

and E, is the vector

=3y 2B X By p— an X By an + TN

+ Y I+ DyxFE+ Y, Dy,
Jen ) ,gt)\

x{F’+mw X (w0, XD) +myp~> (1=3pp)-Dp}  (14)

The changes necessitated in Eq. (6), which appear explicitly in
Ea. (10), vield a modified version of the attitude equation (11)
for body A, ’

Yo 0. =E+ ), IS Em Ly,

JES JeJy BEN
x [DR, +20\ x DR, (15)

Since we allow motion of the joint on body u leading to
body A relative to the mass center of body u, we conclude from
Eq. (3) that we also need to use the more complete form of the
second derivative of D s as in Eq. (9), rather than the form
given by Eq. (8). This 2 acceleratlon appears in £, of Eq. (14) so
that - :

m[DR + 2w, x DR + @, x(w XDa)]

must be substituted for the term mw, X (@, XD,) in E,,
when motion of the joint relative to body u is allowed.
Exphc1t elimination of the constraint torques, 7, from Eq.
(15) is accomplished as-described in Ref. 2 by summing Eq.
(15) over S to yield three equations free of TC The additional
r-3 equations necessary result’ from first summmg Eq. (15)
over all bodies to one side of a joint j to isolate TC at this
joint. Then, since TC is orthogonal to gimbal axes 5} at joint j,
r-3 equations free of constraint torques are obtained by taking
the scalar product of ‘each’ £; with the sum of Eq. (15). The
following equations of motion, free of components of the con-
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straint torques, result:

Qoo Qo1 oz - pr-3 Wo
Q0 ¥

¥2

L &30 Yr-3

'
Y E-Y Y m&,, x D& +20,xDR,1
A N uEN

+ 2 Y Dy xmlDR +20, x DR ]
BopFEN

+2u\ X DR, 1

{;En\Ex Efn\ E m,£,, X [Df,‘

PEN

+ EGD\
A

D,If>\+2_cgung)\]}

pEN

gr_s-{Eer saBx— Eer ERY Em L X [DF, + 20y

HEN

)\”]+Ee, ) DMxm[ .+ 20 xDu)\]}

L ##N J

where

ag= ) Y %, a dyadic
Aon
Qo = E X:Eku‘i’)\,,l 'gk, a vector
> m
Go=&;i* E Eénﬂ’x,“ a vector
L
4y =g E Efmfkﬂ’w'g_k, a scalar
Ao

EX=E\— E‘I’xu . E Ekﬂkék
P k )

and

w =1, if g; belongs to a joint anywhere on the chain of
bodies connecting body x and the reference body
=0, otherwise (e.g., if u=0)

The use and numerical integration of Eqgs. (16) will be little
changed from that of the original equations_except that the
joint velocities and accelerations with respect to the bodies
they connect, £’M and £ A T€SPectively, must be prescribed
and hence DR and DR determined from Eq. (5). To deter-
mine the spacecraft attltude with respect to an external frame,
a set of first-order equations, such as Euler angle rate equa-
tions, must be added. We have found that as a check on the
accuracy of the computer code, which can be lengthy, it is
helpful to add a routine which determines total system angular
momentum about the mass center and check for its conserva-
tion when no external torques are considered.
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Introduction

COMMON method for investigating the effectiveness of

various control designs consists of studying frequency do-
main characteristics of the control, by numerically evaluating
the required Fourier transform. For finite-time open- and
closed-loop control problems, this can be accomplished by
either numerically integrating the .integral definition of
Fourier transform for each frequency of interest, or using a
fast Fourier transform algorithm. Alternatively, we present in
this Note a computationally efficient closed-form solution for
the Fourier transform of finite-time open- and closed-loop
control problems, where the dynamics of the control is
governed by matrix exponentials.

Problem Formulation

The fundamental definition of the complex Fourier
transform follows as

u(w)= S; u(fe~de (nx1) )
where u(?) is assumed to be given by
u(t)=Aed'b (nx1D) )

where A is nxm, B is mxm, e is the matrix exponential,
and bis mx1.
Introducing Eq. (2) into Eq. ‘(1) yields

u(w) =Af(w). 3)

where

E(w)= SO eBtbe=ivtdy @
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